The propagation of a light ray in thin layer (film) within geometrical optics is considered. It is assumed that the ray is captured inside the layer due to reflecting walls or total internal reflection (in the case of a dielectric layer). It has been found that for a very thin film (the length scale is imposed by the curvature of the surface at a given point) the equations describing the trajectory of the light beam are reduced to the equation of a geodesic on the limiting curved surface. There have also been found corrections to the trajectory equation resulting from the finite thickness of the film. Numerical calculations performed for a couple of exemplary curved layers (cone, sphere, torus and catenoid) confirm that for thin layers the light ray which is repeatedly reflected, propagates along the curve close to the geodesic but as the layer thickness increases, these trajectories move away from each other. Because the trajectory equations are complicated non-linear differential equations, their solutions show some chaotic features. Small changes in the initial conditions result in remarkably different trajectories. These chaotic properties become less significant the thinner the layer under consideration.
I. INTRODUCTION
Physics played out in thin structures becomes increasingly important due to the miniaturization in electronics, the appearance of new materials like graphene and intensive development of nanophysics. In particular the issue of the propagation of electromagnetic waves trapped in thin films (layers) is expected to find various possible applications in optoelectronics, optical communication or integrated optics [1] [2] [3] . This trapping can be achieved by reflecting walls of various shapes or in thin dielectric layers possessing some refractive index due to the phenomenon of total internal reflection as it happens in the so called open waveguides [4] [5] [6] [7] [8] [9] [10] .
Light propagation in such structures is often depicted within the two-dimensional reduced theory of electromagnetism [11] [12] [13] [14] which is used as a model. It is true that the electromagnetic modes in a layer to some extent may be described in that way but certain limitations have been established which affect the propagation of electromagnetic waves [14, 15] .
In the present work we concentrate in turn on geometrical optics. A light ray traveling in the two-dimensional curved surface as a rule follows a geodesic due to the Fermat's principle. In a real layer, even very thin, this ray is continuously reflected between the walls, consequently following a very complicated path. The aim of this work is to clarify how these two trajectories are related to each other and under what circumstances the physical one may be treated as a geodesic drawn on the two-dimensional surface (i.e. one of the walls).
In some special cases the wave equations inferred from Maxwell's electromagnetism in thin curved media have been derived by a limiting procedure [16, 17] . As regards the geometrical optics the property of the rays travel- * Electronic address: t.radozycki@uksw.edu.pl ing along geodesics has been exploited in the so called geodesic lenses, where the light propagates in a medium of space-dependent refractive index [18, 19] . However, the problem we tackle below up to our knowledge has not been addressed and it is commonly taken for granted that the propagation in a thin layer corresponds to the twodimensional geodesic [20, 21] . It should also be noted, that some experimental results involving the propagation of real light beams in such circumstances have been obtained, pointing at the role of the intrinsic curvature of a given medium [23] . The extrinsic curvature turned out to be inessential as long as the light is trapped within layer.
The present paper is organized as follows. In Sec. II the geometrical problem of a light ray repeatedly reflected between two curved walls is considered. Assuming that the layer in between is thin, a differential equation for the trajectory as projected onto one of the walls is derived and the deviations from the corresponding geodesics are identified. As expected these deviations become more significant for thicker layers particularly in the regions where the curvature is large.
The layer in question will be parametrized as r(x 1 , x 2 , w) where the first two parameters serve as Euler's coordinates on the surface and the derivative ∂r/∂w points in the direction perpendicular to the walls (i.e. w numerates different surfaces). By the appropriate choice of the scale for the parameter w we can ensure that |∂r/∂w| = 1.
The metric tensor referred to throughout the paper as g ij is defined on the surface. It is then the twodimensional object (i, j = 1, 2) expressed through x 1 , x 2 and of course w (which is however constant on a given surface) and not that in the 3D space. The dependence on w means that g ij 's in general differ on the distinct boundaries. In order to find the true trajectory, one has to abandon the surface at least infinitesimally, and therefore not surprisingly the derivative ∂g ij /∂w appears in the formulas.
In this paper we deal with layers of uniform thickness or, more precisely, of the two limiting surfaces (walls) defined by the relations r(x 1 , x 2 , w) and r(x 1 , x 2 , w + δw), where δw is small and constant while moving along surfaces. All layers considered as examples comply with these requirements. Surely one can imagine more complicated situations in which a given layer has different thickness at various points. Then the limiting procedure would be in a sense 'local'. Such situations remain beyond the scope of the present work.
We also assume that the layers, although very thin, are thick with respect to the wavelengths of the propagating light. Otherwise the rules of the geometrical optics could not be applied. The second assumption, which seems reasonable too, is that the length scales imposed by surface normal curvatures (e.g. the curvature radii) are large with respect to the layer thickness. In other words one can say that the layer is relatively 'smooth' without sharp warps. Without this assumption we could not expect the light ray to be trapped within the dielectric layer since it might happen that at a given point the angle of incidence could become inferior to the critical angle.
In Sec. III the several particular examples of truly curved surfaces, both with positive and negative intrinsic curvature, are dealt with in detail. They are: cone, sphere, torus and catenoid. The deviations from the geodesics on these surfaces are presented on the plots found by the numerical solutions of the trajectory equations.
Throughout the paper the Einstein's summation convention over repeated indices is constantly used.
II. THE EQUATION OF THE LIGHT-RAY TRAJECTORY
Let us assume that a light ray travels along the layer being reflected by the walls. The key equation for its trajectory iŝ
wherek andk ′ are unit vectors identifying the directions of the incident and reflected rays. The Eq. (1) simply constitutes the statement that angle of incidence for a ray being reflected at r(x ′1 , x ′2 , w + δw) equals the angle of reflection. Upon multiplying both sides by k ′ , we can rewrite it in the form
where λ = k ′ /k is a certain normalization constant since k ′ and k can in general be of unequal lengths. Squaring both sides of this equation, it can be easily verified that
where the normalization (8) of the normal vector has been used.
The path of the light ray reflected by the walls of the layer defined by r(x 1 , x 2 , w) and r(x 1 , x 2 , w + δw).
In order to shorten the notation, we henceforth denote:
and also
The tangent vectors to the surface r(x 1 , x 2 , w) at a given point correspond to the derivatives with respect to x 1 and x 2 as to which the following notation will be used:
and similarly for the higher derivatives. According to the chosen parametrization spoken of in the Introduction the normal vector
is normalized to unity
and orthogonal to the tangent vectors:
As to the higher derivatives with respect to w one can show that
thanks to the normalization, and that
Since the vectors ∂ w r and ∂ i r (i = 1, 2) constitute a basis in the three-dimensional space and the vector ∂ 2 w r turns out to have the null decomposition onto them, so one can infer that it is simply a null vector. Consequently also the higher derivatives with respect to w vanish (for arbitrary x 1 , x 2 ). Thereby, the parametrization of the surface r(x 1 , x 2 , w) has to linearly depend on w. It also means that
which justifies the notation adopted in Fig. 1 . The normal passing through the point r(x 1 , x 2 , w) is the same as that passing through r(x 1 , x 2 , w + δw). Let us now project the vectorial equation (2) subsequently onto ∂ w r ′ and ∂ ′ i r ′ , obtaining the following set
upon exploiting the normalization and orthogonality conditions (8) and (9) as well as (13) . Eliminating λ, one gets the fundamental equation for the light-ray trajectory:
From Fig. 1 it is obvious that
and according to the results (10)- (13) the following expressions can be substituted into (15) for k and k ′ :
Thanks to the normalization of the normal vector and its orthogonality to the tangent ones the formula (16) can be rewritten in the form:
In the case of thin films dealt with in the present paper all terms of the above equation can be expanded in powers of δw. From the definitions of r, r ′ and r ′′ (see Fig. 1 ) it stems that the quantities δx i and δx ′i are of the same order too, since they are proportional to δw.
In turn the difference δx ′i − δx i is right away of order of δw 2 . For our purposes the terms up to δw 4 should be preserved in (18) . The expansions are performed in the standard way. First let us concentrate on the expression
The third order terms are omitted since they cancel in the desired order. No higher ones are needed because of the presence of the coefficient δw in the first expression of (18) . Expanding (19) further in order to get rid of the primed quantities, we obtain
The former two terms are of order of δw 2 and the latter ones of δw 3 . As to the expression ∂ ′ i r ′ standing in front of (19) in (18), it is sufficient to keep the first two terms only:
Combining (20) and (21), we can rewrite (18) in the following way
where we have introduced the auxiliary vector
which still has to be expanded up to δw 4 . It is well known that the two-dimensional metric tensor is defined on the surface r(x 1 , x 2 , w) (w being constant) as
and the Christoffel symbols of the first kind may be given the following form
If so, the formula (22) can be now rewritten as
(. . .) ,l denoting the differentiation with respect to x l . Now let us pass to the expression for V i and expand it up the desired order. We have to consider term by term the following factors appearing in (23) . In order to save the space the expansions below are 'minimal' in the sense that the terms of order δw 3 that formally should appear in (27a) and (27b) but cancel in the expression for V i are omitted.
Next, exploiting the transposition symmetry of the expressions like δx i δx j as well as the property that
which stems from the orthogonality of the tangent and normal vectors, one obtains
It should be noted, that this expression is of order of δw 4 , which means that the second order terms on the l.h.s of (26) remain intact. Collecting all terms and multiplying by the inverse metric tensor g ij , we find the following equation for the light-ray trajectory:
Up to the considered order one can replace the expressions δx ′i − δx i with
which leads to the final formula
where Γ i jk = g il Γ ljk are Christoffel symbols of the second kind.
In order to obtain the differential equations for coordinates x 1 , x 2 on the surface, one has to observe that δw plays the double role in our considerations. Firstly it is connected with the thickness of the considered layer and secondly it defines the 'infinitesimal' step while passing from x i to x i + δx i . Therefore whenever the quantity δx i /δw appears it can be replaced with dx i /dt, where for stressing this special role the name of the parameter along the curve has been changed into t. In turn the quantity (δx ′j − x j )/(δw) 2 is just the second symmetric derivative, which for twofold differentiable function simply equals d 2 x i /dt 2 [24] . In that way one gets the differential equation for the light-ray trajectory:
For very thin layers, i.e. for δw → 0, the right-hand side disappears, and the equation of a geodesic is obtained, as it might be expected:
For more thick layers the expression on the r.h.s. of (33) constitutes the correction to the geodesic and modifies the trajectory. The first term, that contains the third power of derivatives with respect to the parameter t comes from the distinct inclination of the normal vector ∂ w r at different points of reflection and the term with fourth power of derivatives is the consequence of the different length of vectors k and k ′ . The terms standing on the r.h.s. o (33) as compared to Γ i jkẋ jẋk can be estimated to be of order of δg/g and δg ′ /g ′ , where δg (δg ′ ) denotes the change of a given element of the metric tensor (or its derivative) while moving tangentially along the surface by the distance corresponding to 2δw (strictly speaking it is the distance between the points (x 1 , x 2 , w) and (x ′′1 , x ′′2 , w) in Fig. 1 ). This estimate holds for truly curved surfaces, where all Christoffel symbols cannot simultaneously vanish. For surfaces without intrinsic curvature as for instance the cylindrical one only the second-derivative term survives leading to the trivial equation. It should be emphasized that within geometrical optics there is no length scale imposed by the wavelength of the propagating light. The only such scales refer to the layer thickness and its normal curvatures so the appearance of the quantities such as δg/g might have been expected. 
III. EXAMPLES A. Cone
An exemplary cone surface can be described by the relation r(ρ, φ, w) (w being constant) with
The requirements (8) and (9) are satisfied in the obvious way. On the conical surface the parameter ρ plays the role of the coordinate x 1 and φ that of x 2 . It can be easily verified that the cone equation is satisfied:
with the apex at z = − √ 2 w. In these coordinates the metric tensor has the form
and the only nonzero derivatives of its elements are
Now the Christoffel symbols can be easily calculated. The only non-vanishing ones of the first kind are
. (39) and of the second kind
(40) In order to explicitly write out (33) we will also need the values of certain derivatives:
This leads to the following trajectory equations:
In Fig. 2 the light-ray trajectories (plotted in black), which represent the solutions of the full equations (42), are provided for increasing values of δw. It can be observed that for thin layer the light ray follows the geodesic (plotted in gray). For larger values of the layer thickness the true trajectory slightly deviates from the geodesic. Especially it happens close to the cone apex, where one of the normal curvatures becomes large. It is understandable since the right-hand sides of (42), which constitute corrections to the geodesic equation, turn out to be of order δw/ρ (for a path perpendicular to the symmetry axis) as compared to the second terms on the left-hand sides, i.e. those in (34) containing Christoffel symbols. Therefore, one can conclude that, roughly speaking, whenever one thinks about small value of δw that means 'small as compared to the normal curvature radii'. This is confirmed by the presented plots because the deviation from the geodesic manifests mainly for small values of ρ.
For larger values of δw the trajectories become somewhat chaotic: the small modifications of the parameters of the incoming ray (the direction of the ray or its inclination with respect to the surface) result in significantly distinct trajectories. This is the typical behavior for nonlinear differential equations like (33). The same observations refer to the subsequent plots involving other layers. 
B. Sphere
The parametrization of the sphere satisfying (8) and (9) is easy to write down:
where x 1 = θ, x 2 = φ and R is the sphere radius. The metric tensor on the sphere has the standard form, apart from the presence of w:
and performing the simple differentiation one gets
From that the known expressions for the Christoffel symbols can be obtained:
the others being zero. The only derivatives that come into play, are those over θ:
The light-ray trajectory equations (33) take the following form
It can be shown that the r.h.s is smaller with respect to the l.h.s by the factor δθ (or similarly δφ): the change in the angle θ after two reflections of the light ray, as shown in Fig. 1 . Naturally it is the quotient of the arc length and the radius, which obviously is of the order of δw/R. Once again we come to the conclusion that the thickness of the layer should be referred to the normal curvature radius.
The deviations of the trajectory from the geodesic, which is a great circle, are shown in Fig. 3 for subsequently increasing values of the layer thickness. The incoming ray is chosen as oriented along a 'parallel'. As in the case of the cone the deviations from a geodesic increase with growing δw. Due to the symmetry no deviations would be observed if the incident ray were moving along a great circle.
C. Torus
The coordinates describing an exemplary torus may be chosen to be:
x(θ, φ, w) = (R + w sin θ) cos φ, (50a) y(θ, φ, w) = (R + w sin θ) sin φ, (50b) z(θ, φ, w) = w cos θ.
where R is a parameter. It is straightforward to verify that the conditions (8) and (9) are fulfilled. As before the angle θ corresponds to x 1 and φ to x 2 . The metric tensor on this surface can be easily calculated:
For the Christoffel symbols of the first kind the following expressions are obtained:
with the derivatives
The second kind symbols will also be needed: with respect to these parameters are
They allow to write down the non-vanishing Christoffel symbols
= a 2 cosh u − w For the derivatives of (60) we get
= a 2 cosh 2u + w 2 cosh 2u − 2 cosh 4 u .
In order to obtain the explicit equations for the trajectory the above quantities should be now plugged into (33). We are not going, however, to write down explicitly these lengthy expressions and limit ourselves to the presentation of the corresponding curves. They are depicted in Fig. 5 . Here the depart of the black curve from the geodesic manifests itself more strongly. The visible deviation starts when the light ray enters the region of maximal narrowing and therefore also maximizing one of the principal curvatures (measured there by 1/a).
IV. SUMMARY
In the present work our concern were the light-ray trajectories in thin layers. It was assumed that these rays are reflected by the boundaries (for instance due to the phenomenon of the total internal reflection in a dielectric layer or by reflecting walls) which in general are surfaces of nontrivial curvature. At each point where the ray hits the boundary the usual law of reflection is satisfied: the incident ray, the reflected ray and the normal vector lie in the same plane and the reflection angle equals the incidence angle. This law is sufficient to reconstruct the whole trajectory of the ray.
The differential equation of the trajectory (33) has been derived. This is a highly nonlinear equation with the thickness (measured by δw) as a parameter. It has been shown that when setting δw −→ 0, which corresponds to infinitely thin layer, the trajectory equation reduces to that of a geodesic drawn on the boundary surface (in this case both boundaries merge into one).
When δw increases and the layer has certain nonnegligible thickness the corrections (i.e. the r.h.s. of (33)) start playing a role leading to the depart of the traveling ray from the geodesic. This effect becomes stronger as the layer thickness increases.
The special cases dealt with in section III confirm these observations. The plots performed for four truly curved layers show the observable deviation of the trajectory from the geodesic. This effect is magnified if the normal curvature connected with the appropriate path becomes large. The essential parameter seems to be δw/R, where R denotes the normal curvature radius at a given point and for a given curve. However, the expression standing on the r.h.s. of (33) and involving Christoffel symbols cannot be in a simple way expressed by the principal curvatures. The dependence of the ray trajectory on curvatures, although obvious, has rather complicated nature. The findings of our works stay in general agreement with experimental results [23] .
The outcome of this work is expected to be confirmed by calculating of the Poynting vector for the wave beam propagating in a layer, which is, however, mathematically nontrivial particularly for complicated surfaces. The role of the wavelength (absent in geometrical optics) would then be clarified. Our present findings contribute to the discussion [15, 26, 27] to what extent thin layers may be treated as two-dimensional structures (thereby, pointing some additional restrictions), constitute the step toward better understanding how to manipulate the light in thin films and try to explain the role of curvature.
